In this paper, we show that the graded ring of Siegel modular forms of Γ 0 (N ) ⊂ Sp(2, Z) has a very simple unified structure for N = 1, 2, 3, 4, taking Neben-type case (the case with character) for N = 3 and 4. All are generated by 5 generators, and all the fifth generators are obtained by using the other four by means of differential operators, and it is also obtained as Borcherds products. As an appendix, examples of Euler factors of L-functions of Siegel modular forms of Sp(2, Z) of odd weight are given.
Introduction
In this paper, we give examples of congruence subgroups Γ of Sp(2, Z) such that the graded ring A(Γ) of Siegel modular forms of Γ is generated by five modular forms, among which four are algebraically independent and the other is neatly described by using the first four. It is well-known as Igusa's theorem that the ring of Siegel modular forms of degree two belonging to the full modular group Sp(2, Z) are generated by four algebraically independent forms φ 4 , φ 6 , χ 10 , χ 12 and a modular form χ 35 , where the suffices are the weights of the forms. It is also well known that χ 35 is expressed as a Borcherds product (cf. Gritsenko and Nikulin [9] ). In Igusa's paper [17] , the modular form χ 35 was given by an average of theta constants over azygous triples and this is rather complicated. Here we give another very simple way to construct χ 35 from φ 4 , φ 6 , χ 10 , χ 12 by using a differential operator. Now we explain the result for other groups. For any natural number N and n, we put Γ (n) 0 (N ) = g = A B C D ∈ Sp(n, Z); C ≡ 0 mod N .
When n = 2, we write Γ 0 (N ) = Γ (2) 0 (N ) for the sake of simplicity. We denote by ψ 3 the character of Γ 0 (3) defined by ψ 3 (γ) = 0 (4), the graded ring A(Γ) of Siegel modular forms is generated by five Siegel modular forms consisting of four algebraically independent forms and another one constructed by the first four by using a differential operator. The fifth generator is also expressed as a Borcherds product.
As for precise generators and the differential operators, see Sec. 2. We note that the generators of the ring for Sp(2, Z), Γ 0 (2) and Γ ψ4 0 (4) have been already known in [17, 12, 11] . So for these groups, a new point here is that the fifth generator is obtained by a simple differential operator and has a Borcherds product expression. The result on generators for Γ ψ3 0 (3) is newly obtained, and we can reprove our former result on Γ 0 (3) in [12] more easily and satisfactorily by our new result. Of course this kind of theorem is in a sense accidental, and there are some other discrete subgroups for which the same theorem holds even among subgroups containing the principal congruence subgroup Γ(2), for example, the unique subgroup Γ e (1) of index two in Sp(2, Z), but we omit further results here.
Since our expression of χ 35 is so simple, it is now very easy to calculate many Fourier coefficients of χ 35 . Hence in Appendix A, we give a table of some Fourier coefficients. We also give Euler factors at 2 of spinor L function of Siegel cusp forms of Sp(2, Z) of odd weight which have never appeared in any literature as far as the authors know.
Finally we would like to say a few words on our differential operators. A general theory of holomorphic differential operators on Siegel modular forms which produce new modular forms from given several modular forms was studied in Ibukiyama [13] in full generality. Our differential operator in the above theorem is one of these operators. In one variable case, this kind of operators are called Rankin-Cohen differential operators. Starting from modular forms of one variable of weight k and l, we obtain a new modular form of weight k + l + 2ν by this operator where ν is a non-negative integer. We can also consider differential operators on more than two modular forms of one variable but we cannot get a new result, namely, this kind of operator is obtained by combination of those on two forms. As for Siegel modular forms, the situation is slightly different. For example, the Rankin-Cohen type differential operators on two Siegel modular forms of weight k and l are defined for degree two in [5] and for general degree in [7] , and the weight of constructed Siegel modular form is k + l + 2ν where ν is a non-negative integer. So, for example, if we start from modular forms of even weight, then we get only a modular form of even weight in this case. But as we see in the theorem, if we start from several modular forms more than two, it happens that we get odd weight from even weights. This is a very interesting point and a trick for our construction. The same sort of construction is also valid for vector valued Siegel modular forms which will appear elsewhere (cf. [14] [15] [16] ).
Differential Operators
We review Siegel modular forms to fix notation. For any natural number n, we denote by H n the Siegel upper half plane of degree n
For any commutative ring R, we define the symplectic group over R by
−1n 0 « and 1 n is the unit matrix. For a discrete subgroup Γ ⊂ Sp(n, R) and a character χ of Γ, we say that a holomorphic function F (Z) on H n is a Siegel modular form of weight k with character χ if
and bounded at cusps. We denote by A k (Γ, χ) the space of all Siegel modular forms of weight k of Γ with character χ. When χ is the identity character, we write
The space A(Γ) is a graded ring. For Z ∈ H n , we write the (i, j) components of Z by z ij . We put n = n(n + 1)/2 + 1. For n numbers of Siegel modular forms
. .,f n are algebraically independent, then {f 1 , . . . , f n } n+1 = 0.
, namely, these are automorphic functions on H n invariant by Γ. Define F (Z) by the Jacobian.
Then we have
Hence F (Z) is a meromorphic Siegel modular form of weight n+1 of Γ. We also have
This implies that
This means that {f 1 , . . . , f n } n+1 is a holomorphic Siegel modular form of weight
are local parameters of n − 1 dimensional variety Γ\H n , so the functional determinant does not vanish identically. Hence we get (2).
When n = 2, for any Z ∈ H 2 , we write
For any Siegel modular form f of degree two, we denote by a(t 1 , t 2 , t; f ) = a(t 1 , t 2 , t) the Fourier coefficient of f at
Now first we apply this to level 1 case. We denote by φ 4 or φ 6 the unique modular form of Sp(2, Z) of weight 4 or 6 such that a(0, 0, 0; φ 4 ) = a(0, 0, 0; φ 6 ) = 1. is a modular form of weight 4 + 6 + 10 + 12 + 3 = 35. This does not vanish, since φ 4 , φ 6 , χ 10 , χ 12 are algebraically independent. We denote by E 4 or E 6 the Eisenstein series of SL 2 (Z) of weight 4 or 6 with constant term 1. Let φ 10,1 or φ 12,1 be the Jacobi cusp form of weight 10 or 12 of index one given in Eichler-Zagier. The Fourier-Jacobi expansion of χ is given by
where q = exp(2πiτ ), ζ = exp(2πiz), p = exp(2πiω) and
is a non-zero Jacobi form of weight 23 of index 2. We see that a(2, 3, 1; χ) = 2 9 · 3 4 . We can see χ = 0 also by this calculation. We put χ 35 = χ/(2 9 · 3 4 ). Remark. χ 35 is an odd function with respect to z. In the above ∂F ∂z for any Siegel modular forms F of even weights are odd function with respect to z and all the other derivatives are even. Hence this fits the fact. The Fourier coefficients a(t 1 , t 2 , t) at t 1 t/2 t/2 t 2 satisfies a(t 1 , t 2 , −t) = −a(t 1 , t 2 , t).
Siegel Modular Forms of Odd Weights of Level 2
The ring of modular forms of Γ 0 (2) was determined in Ibukiyama [12] , and all the generators are given by theta constants. First we review this theorem here, and then we show that in this case also the Siegel modular form of weight 19, which is the fundamental generator of odd weights forms, is obtained by differentiating even weights forms.
As usual, we define theta constants of characteristic
where we put e(x) = e 2πix and Z ∈ H 2 . We put
Each X, Y , Z, or K is a modular form of Γ 0 (2) of weight 2, 4, 4, 6 respectively, and these four forms are algebraically independent. There also exists a cusp form χ 19 of weight 19 belonging to Γ 0 (2), given explicitly by theta constants as follows. 
Here a(2, 3, 1; χ 19 ) = −1. We know that
where ⊕ means a direct sum as modules.
The only thing we would like to claim here is the following proposition. The constant is obtained by calculation of the Fourier coefficient of this determinant at (2, 3, 1) . We see that χ 19 divides χ 35 . This is obvious since Γ 0 (2) ⊂ Sp(2, Z) but also clear from the relation
where we put
The last functional determinant is calculated explicitly if we use the relations
The result is
Siegel Modular Forms of Level 3
We put
We put Γ ψ3 0 (3) = {γ ∈ Γ 0 (3); ψ 3 (γ) = 1}. Then the group Γ ψ3 0 (3) is index 2 in Γ 0 (3). We have already given the structure of [12] , but in this section, we describe
0 (3)) explicitly and reprove the result for A (even) in [12] fairly easily. For any even integral symmetric matrix S of size n and Z = " τ z z ω « ∈ H 2 , we define a theta function by
We take the following three even symmetric matrices 
We have det(A 2 ) = 3, det(E 6 ) = 3 and det(E * 6 ) = 243 = 3 5 and these have level 3. By these conditions, we see
). We define another theta function with spherical function. We put
As in [12] , we put
where c = (
. We know that θ 4 ∈ S 4 (Γ 0 (3)) (cf. [12] ).
To make symbols consistent with those in [12] , we put
We put Then χ 14 ∈ A 14 (Γ 0 (3), ψ 3 ) with a(2, 3, 1; χ 14 ) = 1. We put
, and denote by B (odd) or B (even) the submodule of the graded ring B consisting of odd degree or even degree elements, respectively. Namely, we have
Theorem 4.1. The four modular forms α 1 , β 3 , γ 4 , δ 3 are algebraically independent. We have
Proof. For any function F (Z) on H 2 , the Witt operator W is defined by
In order to describe the images of generators under W , we define functions on τ ∈ H 1 by for odd k. We see by usual dimension formula that
Since f 3 1 − f 3 vanish at i∞ and f 1 does not, two forms f 1 and f 3 are algebraically independent. Comparing the dimensions we have
Also we have f 3 = (4f
Since it is obvious that W (α 1 ), W (β 3 ), W (δ 3 ) are algebraically independent, we see the four forms α 1 , β 3 , δ 3 , γ 4 are algebraically independent by a standard induction as in Igusa [17, I] . It is known that the dimension formula of modular forms belonging to Γ 0 (3) is given by
) by comparing the dimensions. We show that α 1 χ 14 , β 3 χ 14 , δ 3 χ 14 , α 1 β 3 δ 3 χ 14 are free generators of the module over C. This is equivalent to say that α 1 , β 3 , δ 3 , α 1 β 3 δ 3 are free over C. Since C = C[α 
comparing the dimensions. Next, we prove the assertion for Γ ψ3 0 (3). Assume that f ∈ A k (Γ 0 (3), ψ 3 ). Then we see α 1 f ∈ A k+1 (Γ 0 (3)). If k is even, then α 1 f is divisible by χ 14 . If χ 14 /α 1 is holomorphic, then χ 14 /α 1 ∈ A 13 (Γ 0 (3)). But we have A 13 (Γ 0 (3)) = {0} by dimension formula and this is a contradiction. Put g = α 1 f /χ 14 . Then g ∈ B. Then we have α 
. So if we put α 1 f = P (α 1 , β 3 , δ 3 , γ 4 ) where P is a polynomial of even (weighted) total degree, then P 2 is divided by α 2 1 . This means that α 1 divides P in B and hence we have f ∈ B. The assertion for Γ ψ3 0 (3) is obvious from these.
In [12] , we needed seven generators for ∞ k=0 A 2k (Γ 0 (3)). Notation being as in [12, p. 21] , (but see correction of several misprints in [12] 
For the sake of simplicity, from now on we put a = α 1 , b = β 3 , c = γ 4 , d = δ 3 . To write down the formula for χ 2 14 , we define two modular forms f 18 of weight 18 and f 24 of weight 24 of Γ 0 (3) as follows. (Note that our notations are slightly different from those in Igusa [18] .) To obtain a relation between χ 35 and χ 14 , we calculate the following functional determinant
By computer calculation we see easily that
Since 2 9 3 4 χ 35 = jac 35 (2 9 3 10 χ 14 ), we get
Incidentally, we have a(0, 0, 0; f 18 ) = 2 21 , a(0, 0, 0; 8a
, and the product is 2 25 . We have a(2, 3, 1; χ 35 ) = a(2, 3, 1; χ 14 ) = 1 and a(t 1 , t 2 , t 12 ; χ 35 ) = a(t 1 , t 2 , t 12 ; χ 14 ) = 0 if t 1 < 2 and t 2 ≤ 3 or t 1 ≤ 2 and t 2 < 3. This fits the above relation.
By virtue of the relation χ 10 = c(8a + 2b − d) 2 /(2 11 · 3) and the above, we get
where c is the cusp form of weight 4.
Siegel Modular Forms of Level 4
First we review the results in [11] . We define a character ψ 4 of Γ 0 (4) by ψ 4 (γ) =
We define a subgroup of Γ 0 (4) with index two by Γ ψ4 0 (4) = {γ ∈ Γ 0 (4); ψ 4 (γ) = 1}.
We put f 1/2 = θ 0000 (2Z),
Then we have f 1 ∈ A 1 (Γ 0 (4), ψ 4 ), g 2 , h 2 ∈ A 2 (Γ 0 (4)), f 3 ∈ A 3 (Γ 0 (4), ψ 4 ) and χ 11 ∈ A 11 (Γ 0 (4)). We know that dim A 11 (Γ 0 (4)) = 1 and a(3, 2, 1; χ 11 ) = −1 (cf. [11] ).
Theorem 5.1 (Hayashida-Ibukiyama [11] ). Four forms f 1 , g 2 , h 2 , f 3 are algebraically independent and we have
Again we see that Indeed, since f 1 and f 3 are Siegel modular forms with character and g 2 and h 2 are without character, we see that {f 1 , g 2 , h 2 , f 3 } 3 is a Siegel modular form without character of weight 11. Comparing a Fourier coefficient, we get the result.
Borcherds Product
In this section, we give a construction of χ 19 , χ 14 and χ 11 by Borcherds product. As for Siegel paramodular groups, a concrete theory of Borcherds product is treated in Gritsenko and Nikulin [9] . But the Borcherds product for congruence subgroups Γ 0 (N ) is not well-known, since Γ 0 (N ) is not an automorphism group of a lattice in general. So first we explain the essence of our way to construct Borcherds product shortly. Since we use a weaker version of Jacobi forms for construction of Borcherds product, we explain this first. For any function φ on H 1 × C and g ∈ SL 2 (R) and X = (λ, µ) ∈ R 2 , κ ∈ R, we put
where we put e m (x) = e 2πimx for any x ∈ C. For simplicity, we write φ| m [X, 0] = φ| m [X]. Let Γ be a subgroup of SL 2 (Z) of finite index. We denote by Γ J the semi direct product Γ Z 2 where the product is defined as in Eichler-Zagier [6, p. 9]. Then the above operations of γ ∈ Γ and X ∈ Z 2 define an action of Γ J . For any integers k and m with m ≥ 0, a holomorphic function φ on H 1 × C is called a weak Jacobi form of weight k and index m of Γ J when it satisfies the following conditions:
for all γ ∈ SL 2 (Z) and besides c γ (n, l) = 0 unless n ≥ 0 (cf. [6] ). (In the usual definition of Jacobi forms we assume that c γ (n, l) = 0 unless 4nm − l 2 ≥ 0.) Instead of the condition (3), we sometimes use weaker condition. (3 * ) There is n 0 such that c γ (n, l) = 0 for all n < n 0 and all γ ∈ SL 2 (Z).
If φ satisfies (1), (2) and (3 * ), we say that φ is a very weak Jacobi form. We denote by J Also we denote by A(Γ) the graded ring of all holomorphic modular forms on H 1 belonging to Γ and by A k (Γ, χ) the space of holomorphic modular forms of Γ of weight k with character χ. When χ is trivial, we write [6, pp. 108 and 110]. Namely we put
where φ 10,1 , φ 12,1 or φ 11,2 is a unique element in
J ) up to constant. By the way, we have the following product expansion (cf. [3, p. 184, Theorem 6.5]).
We denote by J weak even, * (Γ J ) the graded ring of weak Jacobi forms of even weight of arbitrary index. We also denote by J weak odd, * (Γ J ) the vector space of weak Jacobi forms of arbitrary odd weight, and by J weak Proof. Since our proof is almost the same as in [6] , we sketch an outline shortly here. First we assume that −1 2 ∈ Γ. Assume that k is even. For any φ ∈ J weak k,m (Γ J ), we see φ(τ, −z) = φ(τ, z) so take the Taylor expansion φ = ∞ t=0 f t (τ )z 2t . We denote by J weak k,m (Γ J )(r) the space of those φ ∈ J weak k,m (Γ J ) such that f t = 0 unless t ≥ r. By the mapping from φ to f r , we get the exact sequence
Also we can show that φ(τ, z) = 0 has exactly 2m zeros counting multiplicity inside the fundamental parallelotope and we get J The case for odd k is similarly proved. We see φ(τ, z) = −φ(τ, −z), so take the
By the mapping from φ to f r , we get the exact sequence
Now we assume that −1 2 ∈ Γ. For any Jacobi weak form φ(τ, z) ∈ J weak k,m (Γ J ) we consider two Jacobi forms f and g defined by
We denote byΓ the group generated by Γ and −1 2 and by χ the character ofΓ which is defined by the natural projection toΓ
On the other hand, we have g ∈ J weak k,m (Γ J , χ). We have the following exact sequence as before.
For even k we get
and for odd k we get
By these we get the conclusion of the proposition.
In a sense the Borcherds product is obtained as a log version of Saito-Kurokawa lifting, so we need the result that the discrete group we consider is generated by Jacobi group and an elementary change of variables. We shall show this now.
We consider four kinds of elements of Sp(2, Z).
Lemma 6.2. For any natural number N , the group Γ 0 (N ) is generated by the above four kinds of matrices.
Proof. Take γ = (
A B N C D ) ∈ Γ 0 (N ) and put A = (a ij ), C = (c ij ). We can assume a 11 , a 21 ≥ 0 by multiplying C(−1, 0, 0, −1) or T C(−1, 0, 0, −1)T if necessary. Multiplication of T and u(x) gives the Euclid algorithm to the pair (a 11 , a 21 ), so we can assume that a 21 = 0. Then, since γ ∈ SL 4 (Z), Then multiplying C(a 1 , b 1 , c 1 , d 1 ) and T C(a 1 , −b 1 , −c 1 , d 1 ) T from left, the first column becomes (a 2 , a 2 , 0, 0) for some a 2 ∈ Z. Since γ ∈ SL 4 (Z), we have a 2 = ±1. By multiplying u(−1) from left, we get (1, 0, 0, 0). Since γ ∈ Sp(2, R), we have c 12 = d 12 = 0 and d 11 = 1. Then To construct a kind of Saito-Kurokawa lifting of weight 0, we define a Hecke operator shifting indices as in [6] . We put
This operator is a mapping from
0 (N ) J . Now to calculate everything more concretely, we should describe representatives of Γ (1) 0 (N )\∆ N (t). We take a complete set of cusps of Γ (1) 0 (N ). Namely, we take a complete set of representatives {g s } of double coset Γ (1) 0 (N )\SL 2 (Q)/P (Q), where
where we put P (Z) = P (Q) ∩ SL 2 (Z). Then b ≡ b 2 mod h s d. We put g s = " xs ys zs ws « .
Then the condition for g s
is that az s ≡ 0 mod N and ad = t. As a whole we see that
n,l c s (n, l)e(nτ + lz).
Here we note that (φ(τ,
So we get n ∈ h −1 s Z, l ∈ Z and it is shown as usual that c s (n, l) depends only on 4n − l 2 and l mod 2, so we write c s,l (4n − l 2 ) = c s (n, l). Here n ∈ h −1 s Z might not be an integer. But if 4 h s then l mod 2 is determined only by 4n − l 2 and in this case we write c s (4n − l 2 ) = c s,l (4n − l 2 ) for simplicity. We define an operator L by
For each cusp, we put φ s (τ, z) = φ(τ, z)| 0,1 [g s ] and n s = N/(z s , N ). Then we have
(1 − e(n s (nτ + lz + mω))) Now we see that Lφ is invariant by the action of Γ (1) 0 (N ) J . Since φ is of weight 0, this is also true for exp(Lφ) which is actually given by the following infinite product l,m,n∈Z,m>0
actually this is false since we have terms with n ≤ 0 while all m ≥ 1 in the above product. So to get invariance for this exchange, we must multiply something to exp(Lφ). To give such a candidate, we prepare notations. For integers m, l, n ∈ Z, we write (n, l, m) > 0 if (1) m > 0, n, l ∈ Z, or (2) m = 0, n > 0, l ∈ Z, or (3) m = n = 0, l > 0. For φ(τ, z) ∈ J vw 1,0 , we denote by c s,l (N ) the Fourier coefficients at each cusp as before. We put d(φ) = s m>0,n<0,m,n,l∈Z n −1 s h s c s,l (4mn − l 2 ). For some integer b and positive integers a, c, we put
We note here that if N < 0, we have c s,l (N ) = 0 only for finitely many N , so in the above product expression of f (τ, z), only finitely many different l appears. Indeed if φ is very weak, there is n 0 such that c s (n, r) = 0 if n < n 0 . So, if N < 4n 0 − 1 for N ≡ −r 2 mod 4 (r = 0 or 1), then c s,l (N ) = c s ((N + r 2 )/4, r) = 0. Also for a fixed N < 0, the number of triples (n, m, r) with m ≥ 1 and n < 0 such that 4nm − l 2 = N < 0 is finite. We denote by χ a Dirichlet character modulo N and define a character of Γ 0 (N ) or Γ (1) 
is satisfied, then we have
Proof. The product F (τ, z, ω) was defined by multiplying something to exp(Lφ) so that it is relatively symmetric for τ and ω. The idea of this definition is explained as follows. The part of the product in F for m ≥ 1, n, l ∈ Z appears already in exp(Lφ). There if m ≥ 1, n ≥ 1, then ( 
2 ). So this part is symmetric by exchange of τ and ω without any change. When m ≥ 1 and n = 0, to make the product symmetric, the part s m≥1 ( 
So this part becomes also symmetric. Finally when m ≥ 1 and n ≤ −1, instead of multiplying a power of (1 − (q m ζ l p n ) ns ), we multiply q a p c to avoid a negative power of p.
, the part coming from (−q m ζ l p n ) and q a p c remains. Namely, we have
We have B = 0 since c s,
. By our condition in (1), we also have a − c = A. Hence (1) is proved. Since F (τ, z, ω) = f (τ, z) exp(Lφ) and exp(Lφ) is invariant by the action of Γ 
0 (N ) J the function F (τ, z, ω) behaves like a Siegel modular form of weight k with character χ 2 . By (1) and Lemma 6.2, we get F (τ, z, ω) ∈ A k (Γ 0 (N ), χ 2 ).
In the above, we explained how to construct Borcherds product from an element of J vw 1,0 . Now conversely, if we are given a Siegel modular form F ∈ S k (Γ 0 (N ), χ 2 ) and want to express F by Borcherds product, how can one find φ ∈ J vw 1,0 which we start from? About this we explain rought idea which is experimentally valid. We take the Fourier-Jacobi coefficient f m (τ, z) of p m of F for the smallest m such that f m = 0. Then if f m (τ, z) is expressed as an infinite product and if F can be written as a Borcherds product, then f m (τ, z) should appear as a factor of the product. Since there is no p in this product, this part should be the part for m ≤ 0 which should be multiplied to exp(Lφ) to create symmetry. So f m (τ, z) should be equal to f (τ, z) in the above proposition. Although we do not know which products in f m (τ, z) should correspond to which cusps, we just distribute some parts of (1 − (q n ζ l p m ) r ) to a cusp with n s = r and hope that there exists φ ∈ J vw 0,1 (Γ (1) 0 (N ) J ) such that f (τ, z) = f m (τ, z)p m for some a, b, c satisfying the condition of (2). Concrete calculations that this idea works will be given in the examples below. Now we shall show that χ 19 ∈ S 19 (Γ 0 (2)), χ 14 ∈ S 14 (Γ 0 (3), ψ 3 ), χ 11 ∈ S 11 (Γ 0 (4)) are all obtained by Borcherds products.
For any prime p, Γ We note that β(τ ) = η(2τ ) 16 /η(τ ) 8 . Hence β has no zero on H 1 . Now βφ should be a weak Jacobi form of weight 4 and index 1. Then by virtue of Proposition 6.1, βφ should be written as β(τ )φ(τ, z) = aα(τ ) 3 + bα(τ )β(τ ) φ −2,1 (τ, z)
for some a, b, c, d ∈ R. Imposing the condition on the Fourier coefficients we demanded, now we find φ(τ, z) = α(τ ) 
